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INVESTIGATION OF THE STABILITY OF THE VERTICAL
POSITION OF A GYROSCOPZ OF VARIABLE MASS

/-Following is a translaticn o an article

L&

written by V. S. Novoselov in Vestnik Lenin-

sradskogo Univergiteta (Hersld of Leningrad
ﬁniversifg, No., 19, Ser Mat, Mekh i Astron,
9,

No, 4, 19 pages’l2l-l29._7

: This article i1s devoted to a purely theoretical study
of the stability of the vertical vosition of & gyroscope or
a variable mass, the particles of which may possess an inter-
nal motion. Technical features are not considered. Basi<
results of this article were presented in the author's the-
sis /1 /. ' :

1

1. Let us obtaln the "apex” equationv172;7 of a gy~
roscope of variable mass, By this term we understand & body

of variable mass that haa kinstic symmetry and a statlionar
point. We shall also assume that a process of ejection bu

no accretion of particles might be taking place. The direc-
tions of the principal axes of the body are assumed to be {l=-
xed, A '
The formula of the variation of the kinetlc moment of
3 body oi & pariable mass witn respect to a stationary point

has the form:
B I=T+ M. (1)

for the gengrf% case, allowing for the internal movement of "‘ér'——
; O
&

particles / 3 - -
In This formula UI=~Api+ Ag/+CrR 1s the aforementioned

xinetlc moment gxpggsied in the principal axes with the ortho-
nomeal vectors i, J, K; A and C are the moments of lnertla;
p, 4, r the projections of the angular velocity. Further:

D/Dt is the symbol of the derivative with respect to time, = ———
whicn is computed on the assumption that all polnt masses of
the rizid body are fixed, T and M are the moments of the ——
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acting iorces and of forces resulting from the variabllity of
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- -t .
the total mass,

~2t us use V¥ for the velocity of the.end;goint of the
vactor ¥ waich corresponds to the gyroscope's apex, WwWe finds

PltgmX®. (1,2)

Consequently, the kinetic moment shall be written in the
form:

Te A(E X 0) + Crh. | (1L,3)

on the basis of the formula (1.3) the equation (1,1)
agsumes the forms

ARX )+ Crh+Croml + M. . (1))

, The moments of the active forces shall be composed of
the moment of the force of gravity and the moments of the re-
aistances to the gyroscope's motion, which will include the
lamping forces of the ejected particles., On neglecting fric-
tion in the suspension and using formula (1,2) we may assume:

L AR X Mg = 4K %X T = k. (1.5)

Here h 1s the distance of the gyroscope's genter of
2ravity from the point of suspension. The quantlity h will
J>e greater than zero, equal to zero, or smaller than zero,
depending on whether the center of gravity 18 above the sta-
tionary peint, colncldes with it, or is below it. vy 18 a po-
sitive function of time,and vy & positive conatant. (The
jquantities vy and vz stand for resistance and demping). For
a rapld rotation the reslstance var must be replaced by the -
sxperimentally determined function f(r) of the resistance,

It 1s not too difficult to realize a construction of
a gyroscope, for which the relative kinetlc moment of parti-
sles moving in the gyroacope will be equal_io_zero. In the
case of such a construction the moment M / 3_/ would be
iritten in the form. .

Ba-t-r-£.8 .

Jere 3 1s the loss per second of the relative kinetic mo-
aent of the particles across the gyroscope's surface;
1s the loss per second of the transferable kinetlc moment of
the particles through the same surface,

Assuming the process of the ejection of particles to
be symmetric we shall have:

‘ [
where K is & known function of time. And we shall have further:
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& Df
— of =A@X )+ Crk, (1.7)

I =, (kX V) 4 k. (%)

The sym-~1sp,, and 4, 3in the formuls (1,8) are the
Knowrn positiv : *tiuna of time, corresponding to the no-
ments 01 iner . . uf loss of mass;? r second., \We shall 00‘1-
sider ¢yroscopes .Lr whichxs, 2| ? and/q&a ¢l. The Tun
tlons ui time X, .+, °2d a2 a3 vell ss A, C, 0, m angd vy,
can pe determ;ned oxnerimentallj upon the stand.

Tazing the scalar and vector products of X and the
equation (1,4), and teklng Into consideration formulas (1,5)
-- (1,5), we obtain

Cr+lp,+vl+é"’—k' (1.9
AvsCr(k)(v)-— AR hk X (kX mg)— fu, + v, + AV, (i.10)

The equation (1,9) shall be cal;ed “"aguation or the a-
vex" as used by Yu. A. Krutkov,

2. Zguation (1,92) has the Solution

. t. : P
- h-c——***c ] b..c.f %< dt
r s« @ ; K j
[4

rot NORIT

For a very rapld rotation of the gyroscope, when the
resistance may no longer be conslidered linear, tne eguatlon
of rotation about the instrument's own axls can be integrated
approximately.

It is obvious that equation (1,10) has a ~'~eur-ticulza.1r'
solution

k=a, v=0. (1,12)

where a 1s the unit vector of the vertlcal axls,

#e shall study the stabllity of the vertical oositlon
(1,12)s Zor this we shall have equations by the Tirst appro-
ximation. - '

Let ¥ = a + R, We willl consider the fixed system of
the coordinates (x, vy, z), with origin o at the end-point of
the vector &, The axes ox, oy snall be horlzontal, while oz
is directed vertically downwards.,

we shall have the formulas

?-ﬁ;:-ﬁ;




AR X (R X mg) e mgh|a (R +aR)~ R(1 + akR)). (1,1
[d«c]
On projecting the equation (1,10) onto tne axes ox

and oy by the f{lrst approximation with respect to quantities
X and 2z and their derivatives, we obtain:

x = - 1x —By + ax,

L (1,13
ys2px--qy +ay, ’

mga
a= *"‘ 3-*—', bl s + A are some bounded f{unctlons of

“’th”‘m

tine.

for the vrojection 2z we have the formula

t=l—YI= -y

Therefore, it follows I'rom stabilitv with respect to

X and y and thelr derivatives, and oi thelr derivative funce
tlons, tnat motion in the 2z directlon 1s also stable,

2

#ultiplyinz the first equation of the systea (1,13)
by x and the second by 7 we obtain, on adding,

SVE=NE L) ~iO4)), 2.1

ahere e igtroduce the notation
Var st} yl—atlx!+ yb). (2,2

Let the ceanter of gravity ve located below the sta-
tinnarv point; thenh< 0 and consequently «x«< 0. The function
V shall de definlte positive, since s, > !'Al and g >0. Let
o now be & monotonically increasing function, 1In that case
the derivative ¥V is definlte nesative, as follows from for-

mula (2,1)s For sufficiently emall initlal conrdltions, this
der vative will remalin negatlve definite 1f comouted using

the non-llinear equations of the gyroscoplc motlon, because .
terms of the second and of higher orders cannot afrect the
in“ in tns rixht member of the relation (2,1). Hence, by

the vuqaampnual theorem of A. M. Lyapunov's second nethod
/ 4_7 w2 conelude that tne vertical positlon of the gyros-

coré of variable mass is asymptotically stab e in the case
considered.

Let us suppose that tne center of zravity coincldes
with the stationary point, i.e. &K=©. Using the same theorem
of Lyapunov we shall prove asymptotlc stabillty with respect
to x and y. Since these latter are small for small initlal
conditions, we can use for thelr evaluatlon the equations

4
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oftne firet aprroximation (1{?3), which in this case admit’
tne lanc.rol
o“ . - - Iﬂ#
x‘+"“(‘%+‘)¢ . (2.3)

Denoting by the symbol *“®* the averaging we find for
the case when o =90 from the egquations (1,13)

N Ky T ¥ (% = Xy) = B (p— Yo):
Y= Yo B (X — x) = 1°(y — y,).

Therefore, for small veloclities, the coordlnates will
suffer negligibly from the initial values.

2. If the vrocess of variation in mass occurs only
in a finite time interval [© Tjand should the reslstance orf
the air to the rotation of the gyroscope &about 1its own axis
be negliglible, the coefTicients factors of the system (1,13)
will be constant for t » T. o

The characteristic equation shall be written as:

M4 X4 (=20 4 PN = 2l 4 @),

In order to satisfy Hurwitz's conditlions it 1s both
sufficient and necessary that in our case A £ 0, Therefore,
if at the instant %t the quantity h is negative, the vertical
position of the gyroscope shall be stable., The nature of the
gyroscope's motion can be examined by the method of B, V.
Bulgakov / 5 7. Lo

Let the coefficlents in the equations of the system

(1,13) epproach finlte limits as ¢t — infinit{. Assuml
v§ = 0, we obtain a boundary system with constant coefflclents.
If the limit  _1s_less than zero, then by the theorem of X,

P. Persidskly [ 6_7 the vertical position of the gyroscope ls
alsc stable 1in this case,

3

1. J3nould internal motion of the partlicles in the gy-
roscope be absent, as for example in the case of ‘

P —A; pym—C.
we shall have a purely superficial burning éway.

we shall neglect the air resistance., Then as & conse-
quence of formulas (1,11) and (1,13) we shall find:




[ {
r=r,+5%-dl, (3.1)

x = — By -+ ax,

y=Bx+ ay. _

2, As a preliminary we will prove a theorem refer-

ring to the approximate solution of a system of linegr dif-

ferential ecuations with variable coelflclents,
Let us suppose we have a llnear system:

(3.2)

.
4
a “E‘U"i (i=12,. ., m). (3.3)
=1
where ai4y are continuous functions of time, and where layqf
< a for'0 <t < infinity. We shall consider an arbitrarfr
time interval /O, T_/ and subdivide it by polints €.+, £4..s
et ==X, tumT+r — X 1into m parts so that fpy—¢ =T
X €€. Je write the approximating system ‘

L ]
d 2 3 N ¢
L - 2’ ay . (3.4)
Fal
with the notation:

ai; (V) npn 0t <y,
agity) npy 1, gI<t,

a]g:- (3.5

'd,‘}('m..t) opu th...g-‘t( 1.

The theorem consists in the following: for any arbi-
trarily snall £ > 0 and an arbltrarily large T —~0 we can
find a sufficlently small £ > 0, so that forx,, =y, @&nd

0 gt < T we shall have:
txi = yil<& (3.6)

The continuous solution of the system (3,4) with the
initial conditlons yio will be unique. Now We shall use the
method of successive approximations for computlng yi, taking
X4 as the zero zpproximatlon. By virtue of the sysiem (3,4)
we have: '

»
yi ’.W«-t-fiz'a;,' y,dr.
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The first approximation shall be written in the
form:

¢ =8
y:“ = X +) 2 (ﬂ‘l -—a,'/).l'jdl.
/~1
This gives tine estlmate

iN" - xi <EA(N)at,

in walch we wmake use of the boundedness of the functlons un-
der the integral sign in the expressions

;al'j-—aui<6. E—xj'<A(T)'
Jurther, we have
[}
PO - 0 = )' ;‘a;j (y;n - xl)dt;
-y <s 4D G

Consequently

. . . 2
Ty g g A(‘T) (‘::) )

Thus we arrive at the fellowlng result:

m==x¢+-2100“-4y9‘“h

lyy - xpl <8 24TL (T 1),

The functions &34 are continuous, therefore they shall
pe uniformly continuous'in the closed interval / O, T_}» Con-
sequently, a value of € can be found for which

o |
S<egin e .

This glves the estlimate (3,6)., It must be mentloned
that this estimate shall be uniform relative to T as T varles,

Z, Let us examine the stability of the zero solution
of the system (3,2), This system 1s linear -and the theoren
Just proven applles. . ~

Let us consider the approximating system:




M=ty 4 a’x,. |
h=sxi+ay. |

(-4

where «’'and 2'are constants obtained by the approximation
rule of (3,5). GettinzueA,+U(i= V‘L‘—;') , We reduce the
systen (3,7) to a single equation

B4 ifu~3u~0 1'3.8)
sor the jth interval we have
4 Bju +auy= 0. €3.9)

e

aj’rvjc‘ . (3.t

Let us set

which yields the equation
w‘+[¥ -—aj)wja(). (3,11

for the variabhle W '

Formulas (3,10) and (3,11) show that the motion of a
polnt having the coordinates Xy and yy can be raepresented as
a set of relative motlon in accordance with equation (3,11)
and treuaslatory motion of uniform rotatlon with an angular

velocity /3;/4.

Ve shall note that the stabllity of the sequence of
functions w;, w; lmpllies the stabllity of the zero solution

of systen (3,7), since by formula (3,10) we have

[njl =), Iéﬂah&;-&-ia’f-wj!. ERN

A solution in the variables u and & must be contliu=-
ous, nence by virtue of (3,12) we have the followinz transi-
tion conditlons from the interval J to the interval J + 1l:

P} (&)= /% ©, P:, (V) w p}” (0), }
Dj(‘)—-— %-u‘,” (©), ‘ (3.1.%




‘where 2, s the modulus of the complex aumber wj;; «wj is
tae an - Uas veloelity of relative xzotlion or & derlvative
Wil resuert to Llme w.ove arsuxent 1s the coumpleXx nunber
wJ ; “nG B““" 5‘," \/3"

] - ¢
Let us suppose that (3%% -a >p. Denotins by l‘, the

quantity indicated on the jth lnterval, we obtaln tne fol-
lowing o2vicus integrsls of tne squation (3,11):

v, $ Pt =H, H, = cons, (3.14)
w7} =5 3.= const, 3.13)

- '/ =y )
whers 2w =Y, y ‘“‘r‘a(f, is the relative velocity on the 1tﬂ 1t
terval., 3y virtup of {ormulas (32,13) - (3,15) the following
relation will nold:

=1
! 2\
C",.-s T — 7 B;e; <) (3.18)

Let us suppase L* 1s decreaslng (not necessarily ra-
pidiy}. liqeri by virtue ol the formulas (3,13) - (3 16) wa,L,;

Y~ =
ha=He+ Y (b.u—- b + "‘ \‘ Bk) P () +
n’ ksl-H

~ 9 pA(<) ~ Gl — B + 1 2,8* o2 (x). (3.17)

The expressicn in square vrackets in {3, 17) equals:s

Cami)er (2t i) o

Ig, it ths index "#" indlicates the averaging in the indicated
it interval &; and (3; are derivatives computed at the ins=-

tant

ime)} 13 decreasing we can expsct that {or suffi-
clently hlgh reletive velocities and a sufficient momentum
K, !gi_lt_\a -2 0. Consequsntly, for any value of the indices
1 and ] w2 shall have

P —d g0 (3.19)

Srom the formulas (3,17) - (3,18)_W6A°btain=
Hii" ‘ HD + 2‘ "J pmu +MN( n‘(r"—‘)-

in which we use the notations:




M= ~up{‘ ‘?g‘-ﬂﬁ“ﬂ + ‘—:- |3\‘). VT =supt.

suppose tne initlal conditlons are sufiizlentlr sxcll,
1% ped <38,

t< ---——-,“ 4
lmvm(n. I) z}'

we ootaln tne inequality

Vo« D < (2 4 b4 25up B) & L3200
M2 estirmate (32,20) 1s iadependent or 1, coaseguently
1t is vzlid for the interval 0 &€ I < iarliniuvy.

¥

ae case where/ and 4% increase is also of laterest,

(The increase does aot aave to be rast), Ca account of the
iatesrel (3,14), the expresslon

';' + # - 0 P = const, Oj = CONs i2n

#4111 also b3 an intezral oi the equation (2,7) on tae }Ua

vime iaterval,
"Jue to the Tormulas (3,13) = (3,16) and (3,21), we ha-
ve

G; % G, - q + ﬁm |
4 o ‘“ » ? supz(‘)-
where we introduce the notation
' D‘ '} 3
"J- SR age + ( ” ‘f . . + Y
02’ b?; % » ;I ." ;ﬁr ’

3iqce o2 1s an inoreasing iunction, we have

)
T + e — 8ub

s‘l ‘ ’?l
rurtnar on we will have

) | >~ (p+ )4 su .
Sy < T | 2’° P B+ P'c"f

10




+ [dl‘ o f* 2“"‘5(’/0! f',,.)]

Let us suppose that the relationship B2 93, is sa-
tisfled for a given number q. For auffliéfntly high rela-
tive velocities of the mov1n§ particles is considerably
larzer than &/ . Consequently, a auxficlently larse numbder
n can be found with the property that

- [ - .
-2 ape <o
froam tnhe above, Ior a sufficlently small € and

{02' pc} <3
the 1ineguallty

Fﬂ- _p;<(l+l+1mpﬂ+?l’;)v_

willl be satistied.

e have proved that in the two cases discussed the
stabllity of the vertlcal position of a gyroscope of varia-
ble maas is valid by the first approximation. And we ob-
+ainel in addition, the estimates for the changes of the
variables

11




1.

2.

3

BIBLIOGRAPHY

Novoselov, V. 3, Certain Provlems of the llechanics of
Variable iiasses. Author's Abstract., Candidate's

Dissertation. Leningred State University imenl A, A.
Zhdanov, 1952,

Krutkov, Yu, A. On the Equations of the "Tops" Apex, I,
News of the Acad Sc¢i USSR, Ser. Math, and Natural
Sciences, 1932, pages 489-501,

Novoselov, V. S. Certain Problems of the Mechanics of
Variable Masses in Considering the Interral Motion
of Particles, I. Herald of Leningrad State Univer-
sity, No. 19, 1956.

Lyapunov, A. M, General Problem of the Stability of lMo-
tion. 1Moscow State Publishing House of Technical and
Theoretical Literature, 1950.

Bulgakov, b. V. Vibrations. Moscow, Gostekhizdat, 1954,
Persidskiy, K. P. On the Characteristlc Numbers of Dif-

ferential Zquations. News of the Acad, Sci. Kaz33R,
Ser, ilath. and Mech,, No. 42, vyp 1, 1947.

Article received by the edi-
tor on 6 February 1958.

2023 . END

12




o~y

FCR REASCIUS 2F SFEED AND ECONCLY

THI3 FEPORT EAS BEEN EEFR2DUCED

RLECTROJICALLY DIRECTLY FROII TUR
CONTRACTAR'S TYPESCRIFT

Tais pusiication was prepared under contract tc tae
UNITED STATES JOTIT PUBLICATICNS RESEARCTT SERVICE,
a federal goveraert orcan.zat.ca estatlished
to ser.ice tue transiatica and researci ueeds
of the .arimus goveraternt departne.ts.

e




